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Abstrat
We show that a generalised redution of D=10 IIB supergravity leads, in a ertain limit, to
a maximally extended SO(2) gauged supergravity in D=9. We show the salar potential
of this model allows both Minkowski and a new type of domain wall solution to the
Bogomol'nyi equations. We relate these vaua to type IIB D-branes.
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1 Introdution
In reent years gauged supergravities have enjoyed a revival of interest. These models
have ome under renewed investigation beause it is now lear they play an important role
in the dynamis of superstring theories and M-theory through the onjetured AdS/CFT
orrespondene and its generalisations [1, 2℄.
The most studied of these holographi orrespondenes is that between type IIB
superstring theory in the bakground AdS5×S5 and super Yang-Mills theory in four
dimensions with gauge group SU(N) for N large. When the string oupling gs beomes
small but gsN remains large, the radius of urvature of AdS5×S5 beomes muh larger
than the string length and hene the supergravity approximation is justied. The relevant
supergravity would be type IIB supergravity ompatied on S5, whose massless modes
onstitute D=5 maximal SO(6) gauged supergravity [3℄.
Gauged supergravities also arise in brane-world senarios [4℄ in whih the 4-D elds of
the Standard Model are loalised on a 3-brane domain wall living in ve dimensions. The
bulk geometry is asymptotially AdS5 and although the fth dimension is non-ompat,
the zero mode of the graviton is trapped by the wall and four dimensional Newtonian
gravity is orretly reprodued on the wall. As AdS5 is a solution of 5-D maximal gauged
supergravity, whih is believed to be a onsistent trunation of IIB supergravity [5, 6, 7℄,
attempts have been made to embed the braneworld models in M/Superstring theory
[8, 9, 10, 11℄.
The purpose of this paper is to study maximally extended, gauged supergravity in nine
dimensions. This model is interesting from the point of view of D=9 being the highest
dimension in whih the onstrution of a gauged supergravity is possible. For D=11 and
D=10 IIA supergravities the R-symmetry groups of the superalgebras are trivial. In the
D=10 IIB ase although the R-symmetry group is SO(2) there are no vetor elds in the
multiplet available to at as gauge elds.
A natural plae to begin then is with the D=9 maximal (N=2) ungauged model
[12, 13℄. The bosoni eld ontent is a graviton, a 3-form potential, a pair of 2-forms,
3 vetors and 3 salars. The model has a global SO(2) invariane under whih the 2-
forms transform as a doublet as do 2 of the vetors. 2 of the salars parametrise the
1
oset Sl(2,R)/SO(2). The 3-form is a singlet as is one of the salars and the remaining
vetor, in a partiular hoie of eld variables [12℄. The R-symmetry group of the N=2
superalgebra is SO(2) so it seems lear that upon gauging the single vetor must beome
the gauge eld. However, beause there are doublets of vetors and 2-index antisymmetri
tensor potentials also transforming under the SO(2), one enounters similar problems
that have arisen previously in the gauging of, for example, maximal D=6 supergravity
[14℄. The problem is that these doublets of vetors and 2-index antisymmetri tensor
potentials have their own antisymmetri tensor gauge invariane whih is destroyed upon
replaement of ordinary derivatives by SO(2) ovariant derivatives in their kineti terms.
Hene these doublets of elds would propagate an inorret number of degrees of freedom
ompared to that required by supersymmetry. So how does one ouple these vetors and
2-forms to the SO(2) gauge eld? The orret mehanism is to allow the doublet of
2-forms to eat the doublet of 1-forms and thus beome massive. The antisymmetri
tensor gauge invariane no longer exists but is not required as the doublet of massive
2-forms propagates the orret number of degrees of freedom. Now however the ordinary
derivative an simply be replaed by a ovariant derivative in the kineti term for the
massive 2-forms in order to eet the gauging.
One possible method of onstruting a D=9 gauged supergravity is via a ompat-
iation on S2 of D=11 supergravity. To see this onsider the D=11 solution of three
M5-branes interseting on a string. This is a onguration preserving 1/8 of the super-
symmetry. The `near horizon geometry' of suh a onguration has been shown to be
AdS3×E6×S2 where the supersymmetry is enhaned by a fator of 2 [15℄. By `near hori-
zon geometry' it is meant the geometry of the solution in the asymptoti region near the
ore of the branes where spaelike geodesis an be ontinued indenitely. The existene
of this solution implies that a redution of D=11 supergravity on S2 is possible, and,
assuming the trunation to massless Kaluza-Klein modes is onsistent, one would expet
to obtain a gauged supergravity whose gauge group is a subgroup of the isometry group
of S2 i.e. SO(3) [16℄
The method we will employ to obtain the bosoni setor of maximally extended SO(2)
gauged supergravity in D=9, is a generalised dimensional redution of D=10 type IIB
supergravity using the global Sl(2,R) symmetry. This has been done previously and one
2
obtains a massive supergravity with 3 mass parameters, a global Sl(2,R) and a loal
SO(2) [17, 18℄. Here we review this redution, pointing out some features spei to
the generalised redution. In partiular, how the normally trivial loal U(1) symmetry,
related to general oordinate transformations in the ompat dimension (for whih the
Kaluza-Klein vetor is the gauge eld) beomes non-trivial after a generalised redution.
The novelty of the present disussion is the observation that there exists a limit of this
massive, gauged supergravity in whih two of the mass parameters an be set to zero
1
giving the SO(2) gauged supergravity of interest. We examine the salar potential
of this model and nd, rather surprisingly, that there is a single ritial point leading
to a nine dimensional Minkowski ground state with no linear dilaton. We also onrm
the observation of [17℄ that there are no supersymmetri single salar domain walls but
the Bogomol'nyi equations do however allow domain walls with two salars ative. The
funtional dependene of these salars on the transverse distane from the wall is of a
type not previously enountered.
The paper is set out as follows. In setion 2 we review the generalised redution of
type IIB supergravity to D=9 familiarising the reader with the notations used in later
setions. In setion 3 we take a limit to obtain the bosoni setor only of the SO(2)
gauged supergravity. In setion 4 we analyse the possible vaua of this model. In setion
5 we briey disuss the further redution of D=9 SO(2) supergravity to lower dimensions
and nally in setion 6 we present our onlusions.
2 Generalised Redution of IIB Supergravity
Here we perform the generalised redution of IIB supergravity to D=9. The eld equa-
tions of D=10 IIB supergravity annot be derived from a ovariant ation [19℄. This
is due to the self-dual 5-form eld strength. However, as shown in [20℄, one an write
down a ovariant ation whose eld equations beome those of IIB supergravity when
the self-duality onstraint is taken into aount. The form of the bosoni setor of this
1
In fat all three mass parameters an be put to zero giving the maximally supersymmetri ungauged
D=9 supergravity [12℄.
3
ation with a manifest Sl(2,R) global symmetry is [17, 18℄:
I10 =
∫
d10x e
{
R+
1
4
tr(∂M∂M−1)− 1
12
HT3MH3
}
− 1
4
∫
H5 ∧ ⋆H5+H5 ∧BT2 ηH3 (1)
where for onveniene we have used form notation in the terms involving H5, and where
H3 ≡ Hµνρ =
(
H(1)µνρ
H(2)µνρ
)
= 3
(
∂µB
(1)
νρ
∂µB
(2)
νρ
)
= 3∂µBνρ, H5 = dB4 +
1
2
B
T
2 ηH3. (2)
The two salars χ and φ parametrise an Sl(2,R)/SO(2) oset. The symmetri Sl(2,R)
matrixM is dened by
M = eφ
( |τ |2 χ
χ 1
)
(3)
and satises M−1 = ηMηT . τ = χ + ie−φ is a omplex salar eld and the matrix η is
the generator of SO(2) given by
η =
(
0 1
−1 0
)
= −η−1 = −ηT (4)
whih is preserved by all Sl(2,R) matries i.e. Λ−1 = ηΛTηT ∀ Λ ∈ Sl(2,R).
In a generalised dimensional redution ertain elds are allowed to depend on the
ompatiation oordinate. The dependene is ditated by how the elds transform
under the global symmetry being used, and is suh that the resulting lower dimensional
lagrangian is independent of the ompatiation oordinate. The Sl(2,R) transforma-
tions of the elds are
M→ ΛMΛT , B2 → (ΛT )−1B2 (5)
where Λ ∈ Sl(2,R). Hene the ansätze we hoose for the redution are 2
Mˆ(x, z) = λT (z)M(x)λ(z) (6)
Bˆ2(x, z) = λ
−1(z)[B2(x)−B1(x)A1 +B1(x)(dz +A1)]. (7)
λ(z) = ezC and the matrix C is an element of the Lie algebra of Sl(2,R) given by
C =
1
2
3∑
i=1
mi Ti =
1
2
(
m1 m2 +m3
m2 −m3 −m1
)
(8)
2
Hatted quantities are ten dimensional, unhatted are nine dimensional. z is the ompatiation
oordinate and x are the D=9 oordinates.
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where
T1 = σ
3 =
(
1 0
0 −1
)
, T2 = σ
1 =
(
0 1
1 0
)
, T3 = iσ
2 =
(
0 1
−1 0
)
= η (9)
are the generators of Sl(2,R) and the mi's are onstants with the dimensions of mass.
For the metri we use the standard ansätz, namely
dS210 = e
2αϕdS29 + e
2βϕ(dz +A1) (10)
or in terms of the vielbein
eˆµˆ
aˆ =
(
eαϕeµ
a eβϕAµ
0 eβϕ
)
. (11)
β = −7α and α = 1
4
√
7
are hosen so that the Einstein-Hilbert term thus redues in the
anonial way
eˆRˆ = e
{
R− 1
2
(∂ϕ)2 − 1
4
e
− 4√
7
ϕF22
}
(12)
where F2 = dA1 is the eld strength of the Kaluza-Klein vetor.
2.1 Redution of Salars
We now redue the salar kineti term whih takes the form
1
4
eˆ tr
[
(∂µˆMˆ)(∂νˆMˆ−1)gˆµˆνˆ
]
. (13)
The inverse metri is given by
gˆµˆνˆ =
(
e−2αϕgµν −e−2αϕAµ
−e−2αϕAν e−2αϕAµAµ + e−2βϕ
)
(14)
whih upon substitution in (13) gives
1
4
e2αϕe tr
{
(∂µMˆ)(∂νMˆ−1)(gµνe−2αϕ)− (∂µMˆ)(∂zMˆ−1)(Aµe−2αϕ)
−(∂zMˆ)(∂νMˆ−1)(Aνe−2αϕ) + (∂zMˆ)(∂zMˆ−1)[e−2αϕAµAν + e−2βϕ]
}
. (15)
In standard dimensional redutions, only the rst term of this expression would ontribute
to the lower dimensional lagrangian. In a generalised dimensional redution however we
must be areful as ∂zMˆ 6= 0. The rst term in (15) trivially redues as
tr
[
(∂µMˆ)(∂νMˆ−1)gµν
]
= tr
[
(∂M)(∂M−1)
]
. (16)
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The terms in ∂zMˆ redue as
tr
[
(∂µMˆ)(∂zMˆ−1)Aµ
]
= −tr
[
(∂µM)(CM−1 +M−1CT )Aµ
]
tr
[
(∂zMˆ)(∂νMˆ−1)Aν
]
= tr
[
(CTM+MC)Aµ(∂µM−1)
]
tr
[
(∂zMˆ)(∂zMˆ−1)
]
= −2 tr
[
C2 + CTMCM−1
]
(17)
where we have used (6). We an now dene ovariant derivatives as
DM = ∂M− (CTM+MC)A1
DM−1 = ∂M−1 + (CTM−1 +M−1CT )A1 (18)
and hene the salar kineti terms beome the following after generalised redution to
D=9:
1
4
eˆ tr
[
∂Mˆ∂Mˆ−1
]
=
1
4
e tr
[
DMDM−1
]
− eV(M) (19)
where
V(M) = 1
2
e
4√
7
ϕ
tr
[
C2 + CM−1CTM
]
. (20)
Thus we see that generalised redution very naturally generates a salar potential and
ovariant derivatives. We now turn to the redution of the doublet of 2-forms.
2.2 Redution of 2-Form Potentials
The ansätz for the redution of the 2-forms was given in (7). Taking the exterior derivative
generates an extra term not present in ordinary redution and there is also a ommon
fator of e−zC appearing through the transformation law of Bˆ2 i.e.
dBˆ2(x, z) = −Ce−zCB2dz + e−zCdB1(dz +A1) + e−zC(dB2 − dB1A1). (21)
In terms of eld strengths we have
Hˆ3(x, z) = e
−zC
H3(x) + e
−zC
H2(x)(dz +A1) (22)
where the D=9 eld strengths are dened as
H2(x) = dB1 − CB2, H3(x) = dB2 −H2 ∧A1. (23)
6
Note how in the redution Hˆ3 splits into H3 and H2 where H3 is given by the usual
expression involving a Chern-Simons modiation. However, with the generalised ansätz
H2 also develops a modiation. As we will see later, this allows B2 to eat B1 and thus
H3 beomes a ovariant derivative. The kineti term for Hˆ3(x, z) therefore redues to
− 1
12
eˆ HˆT3 MˆHˆ3 = −
1
12
e e
− 1√
7
ϕHT3MH3 −
1
4
e e
3√
7
ϕHT2MH2. (24)
We now see how the z dependene of the ansätz is suh as to ensure the lower dimensional
lagrangian remains independent of z. Finally it remains to deal with the terms involving
the self-dual 5-form.
2.3 Redution of the 5-Form
The ansätz for the 4-form potential is
Bˆ4(x, z) = B4(x)− B3(x)A1 +B3(dz +A1). (25)
The self-dual eld strength is given by
Hˆ5(x, z) = dBˆ4 +
1
2
Bˆ
T
2 ηHˆ3. (26)
By using (25), (7) and (22) it is straightforward to show Hˆ5(x, z) redues as
Hˆ5(x, z) = H5(x) +H4(x)(dz +A1) (27)
where H4(x) and H5(x) are dened by
H5 = dB4 − dB3A1 + 1
2
(BT2 +A1BT1 )ηH3
H4 = dB3 − 1
2
B
T
1 ηH3 +
1
2
(BT2 +A1BT1 )ηH2 (28)
and use has been made of the property
e−zC
T
η e−zC = η ∀ e−zC ∈ Sl(2,R). (29)
Hene the kineti term for the 4-form potential dimensionally redues to
− 1
4
∫
M10
Hˆ5 ∧ ⋆Hˆ5 = −1
4
∫
M9
e
− 2√
7
ϕ
H5 ∧ ⋆H5 + e
2√
7
ϕ
H4 ∧ ⋆H4. (30)
The ten dimensional Chern-Simons term takes the form
Ics10 = −
1
4
∫
Hˆ5 ∧ BˆT2 ηHˆ3. (31)
The redution of this term is performed using equations (27), (7) and (22) and the
property (29). It is straightforward to show that the resulting nine-dimensional Chern-
Simons term is given by
Ics9 = −
1
4
∫
H5 ∧
[
(BT2 +A1BT1 )ηH2 −BT1 ηH3
]
−H4 ∧
[
(BT2 +A1BT1 )ηH3
]
. (32)
As mentioned at the beginning of setion 2, the eld equations of (1) must be sup-
plemented with the self-duality onstraint on Hˆ5 in order to be equivalent to the eld
equations of type IIB supergravity. One handles the self-duality onstraint in nine di-
mensions by rst dualising B4 to B˜3 by the usual methods and then identifying B˜3 with
B3. The reader is invited to see [18℄ for a more omplete disussion of this point. The
result is a ontribution to the D=9 ation involving only a 3-form potential
I9 =
∫
− 1
2
e
2√
7
ϕ
(H4 ∧ ⋆H4) + 1
4
(BT2 +A1BT1 )ηH3 ∧
[
2dB3 +
1
2
(BT2 +A1BT1 )ηH2
−1
2
B
T
1 ηH3
]
− 1
2
dB3∧dB3∧A1. (33)
Hene Sl(2,R) generalised dimensional redution of the bosoni setor of IIB supergravity
to D=9 leads to the following bosoni lagrangian
e−1L9 = R− 1
2
(∂ϕ)2 +
1
4
tr(DMDM−1)− 1
4
e
− 4√
7
ϕF22
−1
4
e
3√
7
ϕHT2MH2 −
1
12
e
− 1√
7
ϕHT3MH3 −
1
48
e
2√
7
ϕ
(H4)2
−1
2
e
4√
7
ϕ
tr
(
C2 + CM−1CTM
)
+ e−1Lcs (34)
where Lcs an be read o from (33). The various eld strengths are dened by
F2 = dA1,
H2(x) = dB1 − CB2,
H3(x) = dB2 −H2 ∧ A1,
DM = ∂M− (CTM+MC)A1,
DM−1 = ∂M−1 + (CTM−1 +M−1CT )A1
H4 = dB3 − 1
2
B
T
1 ηH3 +
1
2
(BT2 +A1BT1 )ηH2 (35)
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M = eφ
( |τ |2 χ
χ 1
)
, η =
(
0 1
−1 0
)
, τ = χ+ ie−φ (36)
C =
1
2
(
m1 m2 +m3
m2 −m3 −m1
)
(37)
and where H4 ≡ Hµνρσ et. The ation is invariant under global salings of the elds and
under global Sl(2,R) transformations [18℄. The ation of the Sl(2,R) transformations is
M′ = ΛMΛT , B′1 = (ΛT )−1B1, B′2 = (ΛT )−1B2. (38)
As C is an element of the Lie algebra of Sl(2,R) it must transform in the adjoint repre-
sentation
C ′ = (ΛT )−1CΛT . (39)
The ation also has a loal symmetry. Consider general oordinate transformations in
D=10 for whih
δxˆµˆ = δµˆzρ(x) (40)
i.e. the ompatiation oordinate z transforms by an arbitrary funtion of the re-
maining nine dimensional oordinates x. In ordinary Kaluza-Klein redution, this D=10
general oordinate transformation beomes a gauge transformation of the Kaluza-Klein
vetor after redution to D=9,
δAµ(x) = ∂µρ(x). (41)
None of the other D=9 elds are harged under this U(1) whih is thus a trivial gauge
symmetry whih always appears upon dimensional redution by one dimension (redution
by n-dimensions gives a trivial U(1)n gauge symmetry).
In generalised dimensional redutions, beause one now allows the various elds to
have a dependene on the ompatiation oordinate z, a higher dimensional general
oordinate transformation of the form (40) will indue transformations of elds other than
the Kaluza-Klein vetor in the lower dimension, and thus the U(1) gauge symmetry is now
non-trivial. This is ertainly what happens in the ase of Sl(2,R) generalised dimensional
redution of IIB to D=9. Thus (34) is invariant under the loal transformations of the
elds
A1 → A1 + ∂ρ
9
B1 → e−CρB1
B2 → e−Cρ(B2 − dρB1)
M → eCT ρMeCρ (42)
or, in terms of eld strengths
H2 → e−CρH2
H3 → e−CρH3
DM → eCT ρ(DM)eCρ
DM−1 → e−Cρ(DM−1)e−CT ρ (43)
with all other elds invariant. The Chern-Simons term hanges by a total derivative.
3 The m1 = m2 = 0 Limit
In the previous setion we used an Sl(2,R) Sherk-Shwarz redution to obtain the
bosoni setor of a maximally supersymmetri D=9 supergravity ontaining three mass
parameters and an SO(2) gauging. In this paper we are primarily onerned with just the
SO(2) gauged model with as few non-zero mass parameters as possible. In this setion
we will show how the latter an be obtained as a trunation of the former by making the
onvenient hoie m1 = m2 = 0 and m3 ≡ m.
Setting m1 = m2 = m3 = 0 in the ation (34) one reovers the maximal ungauged
D=9 supergravity [12℄. This orresponds to performing an ordinary dimensional redution
from D=10. It follows that it is onsistent to hoose just m3 ≡ m to be non-vanishing.
We argued in the introdution that gauging maximal supergravity in D=9 requires
ertain potentials to be massive and this ould only be ahieved onsistently if a doublet
of vetors is eaten in a Higg's mehanism. As mentioned in setion (2.2) the generalised
redution leads to a modiation in the eld strength of B1. This allows one to make a
gauge transformation of B2 thus eliminating B1. The vetor potential B1 also appears
in the Chern-Simons modiations to the eld strength H4 of the 3-form B3. Hene we
will need to redene B3 in order to eliminate B1 ompletely from the ation. We begin
10
with the gauge transformation of B2,
B2 → B2 + C−1dB1 (44)
where C−1 is also a onstant matrix given by
C−1 = − 2
∆
(
m1 m2 +m3
m2 −m3 −m1
)
, ∆ = m3
2 −m22 −m12. (45)
The eet of this transformation on H2 and H3 is
H2 → −CB2
H3 → dB2 + CB2 ∧ A1 ≡ DB2. (46)
The eld strength of the 3-form B3 was given in (35). Expanding out this expression, H4
an alternatively be given as
H4 = dB3 − 1
2
B
T
2 ηCB2 +
1
2
B
T
2 ηdB1 −
1
2
B
T
1 ηdB2. (47)
After making the gauge transformation (44), H4 beomes
H4 = dB3 +
1
2
d(BT1 ηB2)−
1
2
B
T
2 ηCB2. (48)
Hene B1 an be eliminated if we redene the eld B3 as
B3 → B3 − 1
2
B
T
1 ηB2. (49)
The only other terms in the ation (34) where the vetor potential B1 appears is in
the Chern-Simons term. It turns out that the redenitions (44) and (49) are suient
to ensure the omplete elimination of B1 from the ation. After disarding some total
derivative terms the Chern-Simons terms an be written
− 1
2
dB3∧
[
dB3A1 −BT2 ηDB2
]
− 1
8
(BT2 ηCB2)∧(BT2 ηDB2). (50)
The following lagrangian is now in a form from whih one an take the m1 = m2 = 0
limit
3
.
3
One should use (34) for the C = 0 limit and not (51). One ould perform the transformation (44)
after having set m1 = m2 = 0 in (34).
11
I9 =
∫
d9x e
{
R− 1
2
(∂ϕ)2 +
1
4
tr(DMDM−1)− 1
4
e
− 4√
7
ϕF22
− 1
12
e
− 1√
7
ϕ
(DB2)TM(DB2)− 1
4
e
3√
7
ϕBT2 (CTMC)B2
− 1
48
e
2√
7
ϕ
(H4)2 − 1
2
e
4√
7
ϕ
tr
(
C2 + CM−1CTM
)}
+
∫
−1
2
dB3∧
(
dB3A1 −BT2 ηDB2
)
− 1
8
(BT2 ηCB2)∧(BT2 ηDB2). (51)
where
F2 = dA1,
DB2 = dB2 + CB2A1,
H4 = dB3 − 1
2
B
T
2 ηCB2,
DM = ∂M− (CTM+MC)A1,
DM−1 = ∂M−1 + (CTM−1 +M−1CT )A1, (52)
M = eφ
( |τ |2 χ
χ 1
)
, η =
(
0 1
−1 0
)
, (53)
C =
1
2
(
m1 m2 +m3
m2 −m3 −m1
)
= −∆
4
C−1, (54)
τ = χ+ ie−φ, ∆ = m3
2 −m22 −m12 (55)
and where H4 ≡ Hµνρσ et.
3.1 N=2 D=9 SO(2) Gauged Supergravity
We an now set m1 = m2 = 0 and m3 ≡ m. There are no problems with the matrix C
or its inverse in this limit whih simply beomes C = m
2
η, C−1 = − 2
m
η. It is interesting
to examine the salar potential in this limit
V(M) = 1
2
e
4√
7
ϕ
tr
(
C2 + CM−1CTM
)
(56)
beomes
V(M) = m
2
8
e
4√
7
ϕ
tr
(
− 12 + ηM−1ηTM
)
=
m2
8
e
4√
7
ϕ
tr
(
− 12 +M2
)
. (57)
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Making the above replaements in (51) and using again the Sl(2,R) property M−1 =
ηTMη we nally get the bosoni setor of a maximally extended SO(2) gauged super-
gravity in nine dimensions:
I
SO(2)
9 =
∫
d9x e
{
R− 1
2
(∂ϕ)2 +
1
4
tr(DMDM−1)− 1
4
e
− 4√
7
ϕF22
− 1
12
e
− 1√
7
ϕ
(DB2)TM(DB2)− m
2
16
e
3√
7
ϕBT2M−1B2
− 1
48
e
2√
7
ϕ
(H4)2 − m
2
8
e
4√
7
ϕ
tr
(
M2 − 12
)}
−1
2
∫
dB3∧
(
dB3A1 −BT2 ηDB2
)
− m
8
(BT2B2)∧(BT2 ηDB2). (58)
where
F2 = dA1,
DB2 = dB2 +
m
2
ηB2A1,
H4 = dB3 +
m
4
B
T
2B2,
DM = ∂M− m
2
(ηTM+Mη)A1,
DM−1 = ∂M−1 + m
2
(ηTM−1 +M−1ηT )A1, (59)
M = eφ
( |τ |2 χ
χ 1
)
, η =
(
0 1
−1 0
)
, τ = χ+ ie−φ (60)
and where H4 ≡ Hµνρσ et. The ation (58) is invariant under the following loal SO(2)
transformations
A1 → A1 + ∂ρ
B2 → e−m2 ηρB2
M → e−m2 ηρMem2 ηρ. (61)
In terms of eld strengths
DB2 → e−m2 ηρDB2
DM → e−m2 ηρ(DM)em2 ηρ
DM−1 → e−m2 ηρ(DM−1)em2 ηρ. (62)
Clearly the Chern-Simons term is invariant up to a total derivative.
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4 D=9 Gauged Supergravity Vaua
In this setion we shall look for 7-brane domain wall solutions of the D=9 SO(2) gauged
model (58). Examination of the eld equations of this model shows that one an on-
sistently trunate the model to one ontaining just three salars (and gravity). We are
interested in 7-brane domain walls so the metri we hoose is
dS29 = e
2A(r)dxµdxνηµν + dr
2 µ, ν = 0, . . . , 7. (63)
Note that this metri beomesMink9 for A(r) onstant. The eld equations then beome
(primes denote dierentiation w.r.t. r.)
ϕ′′ + 8A′ϕ′ =
m2
2
√
7
e
4√
7
ϕ
[e2φ(χ2 + 1)2 + e−2φ + 2(χ2 − 1)] (64)
φ′′ + 8A′φ′ − e2φ(χ′)2 = m
2
4
e
4√
7
ϕ
[e2φ(χ2 + 1)2 − e−2φ] (65)
χ′′ + 2φ′χ′ + 8A′χ′ =
m2
2
χ e
4√
7
ϕ
[(χ2 + 1) + e−2φ] (66)
φ′χ =
1
2
χ′[e2φ(χ2 + 1)− 1] (67)
28(A′)2 =
1
4
[(ϕ′)2 + (φ′)2 + e2φ(χ′)2]− m
2
16
e
4√
7
ϕ
[e2φ(χ2 + 1)2 + e−2φ + 2(χ2 − 1)] (68)
7(A′′+4(A′)2) = −1
4
[(ϕ′)2+(φ′)2+e2φ(χ′)2]−m
2
16
e
4√
7
ϕ
[e2φ(χ2+1)2+e−2φ+2(χ2−1)] (69)
The rather urious equation (67) has its origin in the eld equation for the gauge potential
Aµ. The remaining eld equations an be derived from the lagrangian
e−1L = R− 1
2
(∂ϕ)2 − 1
2
(∂φ)2 − 1
2
e2φ(∂χ)2 − V(ϕ, φ, χ) (70)
where
V(ϕ, φ, χ) = m
2
8
e
4√
7
ϕ
[e2φ(χ2 + 1)2 + e−2φ + 2(χ2 − 1)]. (71)
The Bogomol'nyi equations for the system are [21, 22℄
A′ = ∓2W, Φ′A = ±(14)γAB ∂W
∂ΦB
(72)
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where ΦT = (ϕ φ χ) and γAB =
1
2
diag(1, 1, e2φ). The superpotential W is related to the
salar potential via [21℄
V = 4(D − 2)2[γAB ∂W
∂ΦA
∂W
∂ΦB
− (D − 1)
(D − 2)W
2] (73)
where D is the spaetime dimension. Solving this equation leads to
W (ϕ, φ, χ) =
m
56
e
2√
7
ϕ
[eφ(χ2 + 1) + e−φ + 2c] (74)
where c is an arbitrary onstant. This onstant arises beause the term in V proportional
to 2(∂W
∂ϕ
)2 is exatly equal to (D−1)
(D−2)W
2
in D = 9. Thus the Bogomol'nyi equations for
the domain wall bakground are
ϕ′ = ± m√
7
e
2√
7
ϕ
[eφ(χ2 + 1) + e−φ + 2c] (75)
φ′ = ±m
2
e
2√
7
ϕ
[eφ(χ2 + 1)− e−φ] (76)
χ′ = ±mχe 2√7ϕe−φ (77)
ϕ′ = −4
√
7A′. (78)
We have shown these equations imply the eld equations (64 - 69). The eld equations
and Bogomol'nyi equations an be systematially investigated by onsidering the eight
possible ases for whih eah of the three salars are independently turned on or o. Of
these ases the eld equations are only potentially soluble in four ases (for example, the
hoie φ = 0 with ϕ and χ non-zero solves (67) if χ is onstant but one annot then solve
the χ equation of motion (66)).
Case i) ϕ = χ = φ = 0
The eld equations are trivially solved with A(r) onstant. This is 9D Minkowski
spaetime, a somewhat surprising solution of a gauged maximal supergravity. Examina-
tion of the Bogomol'nyi equations show this is only a solution if c = −1, in whih ase
∂W
∂ϕ
= ∂W
∂φ
= ∂W
∂χ
= 0 and Mink9 is a maximally supersymmetri solution.
Case ii) ϕ 6= 0, χ = φ = 0
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The eld equations are all identially satised exept the ϕ and Aµ equations and
Einstein's equation whih beome
ϕ′′ + 8A′ϕ′ = 0 (79)
(A′)2 =
1
(4)(28)
(ϕ′)2 (80)
A′′ + 4(A′)2 = − 1
28
(ϕ′)2. (81)
Solving (80) and substituting in (79) and (81) leads to the single equation for ϕ
ϕ′′± 2√
7
(ϕ′)2 = 0 (82)
and the metri funtion an be found from A(r) = ± 1
4
√
7
ϕ(r)+α. The onstant α an be
dropped as this orresponds to a simple resaling of the oordinates. One solution of these
equations is ϕ(r) and A(r) both onstant i.e. Mink9 with an arbitrary onstant salar
ϕ. This does not solve the Bogomol'nyi equations unless c = −1 and is a generalisation
of ase i) above. Another interesting solution of the eld equations is the domain wall
with the single salar ϕ ative
e
± 2√
7
ϕ
= H(r) = ar + b (83)
dS29 = H
1
4 (r)dxµdxνηµν + dr
2 µ, ν = 0, . . . , 7. (84)
where a and b are arbitrary onstants. However, this domain wall only beomes a solution
of the Bogomol'nyi equations if a is proportional to c+1. Thus in the the purely bosoni
theory for whih c is not xed this domain wall satises the Bogomol'nyi equations as-
suming c 6= −1 and is thus stable. It will turn out though that c = −1 in the supergravity
model and thus H(r) is onstant and the solution redues to maximally supersymmetri
Mink9 with an arbitrary onstant salar.
Case iii) χ = 0, ϕ, φ 6= 0
Here we an try and diretly solve the Bogomol'nyi equations whih are
ϕ′ = ± m√
7
e
2√
7
ϕ
[eφ + e−φ + 2c] (85)
16
φ′ = ±m
2
e
2√
7
ϕ
[eφ − e−φ] (86)
ϕ′ = −4
√
7A′. (87)
Clearly the metri funtion A(r) an be easily found from (87) one ϕ(r) is known. We
therefore onentrate on the rst two equations above. We lose no generality by working
with the upper (positive) signs as m is arbitrary. Substitution of (85) into (86) leads to
µe
√
7
2
ϕ =
∣∣∣∣∣ (sinh(
φ
2
))c+1
(cosh(φ
2
))c−1
∣∣∣∣∣ (88)
where µ is an arbitrary positive onstant. On further substitution of this equation into
(86) one obtains the following integral
∫
dφ
(coshφ)
(4c−11)
7
(sinh φ)
(4c+11)
7
= H(r) = αmr + β (89)
where α is an arbitrary positive onstant and β is just an arbitrary onstant. For the
supersymmetri ase, c = −1, we have the equations
e
√
7
2
ϕ(r) = cosh2
(
φ(r)
2
)
(90)
7
8(coshφ)
8
7
+
∫
dφ
1
(sinh φ)(coshφ)
1
7
= H(r) = 2mr + β (91)
where µ has been set to one. After making a hange of variables, the integral on the left
hand side of (91) an be expressed in terms of the hypergeometri funtion 2F1 dened
as follows
2F1(a, b, c ; z) =
Γ(c)
Γ(b)Γ(c− b)
∫ 1
0
dt tb−1(1− t)c−b−1(1− tz)−a. (92)
Thus the dependene of φ on the transverse distane r from the domain wall is desribed
by the funtion G(φ)
G(φ) ≡ 7
8
{
1
(coshφ)
8
7
− 1
(sinhφ)
8
7
2F1(
4
7
,
4
7
,
11
7
,−cosech2φ)
}
= H(r). (93)
One an easily show G(0) = −∞ and for |φ| → ∞, 2F1(47 , 47 , 117 ,−cosech2φ) → 1 and
hene G(φ)→ 0 from below. G′(φ) = 0 only at |φ| =∞ thus a plot of the funtion G(φ)
versus φ takes the form of gure 1. This plot shows G(φ) and hene H(r) are negative
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Figure 1: Funtional dependene of G(φ) on φ.
for all values of φ.
In a typial domain wall solution (e.g. IIA 8-brane) the salar eld φ is related to an
harmoni funtion H(r) via eκφ = H(r) and hene H(r) is always positive although H ′(r)
an take either sign. Choosing H(r) = αr + β and imposing that H(r) is positive leads
to two inequalities for r depending on the sign of α, r > − β|α| for α > 0 and r < β|α| for
α < 0. One an then hoose β dierently in these two regions to make H(r) ontinuous
i.e. β = −|α|r0 where α > 0 and β = |α|r0 for α < 0. The ontinuous funtion H(r)
is then positive for all r and H ′(r) hanges sign in going from r < r0 to r > r0. Thus
H(r) = |α||r − r0| ∀ r.
The dierene of the disussion of the previous paragraph and our ase is that the
Bogomol'nyi equations imply that the oeient of r in H(r) must always be positive,
assuming m > 0 (or at least has the same sign everywhere). Combined with the require-
ment ofH(r) always being negative, this leads to just one inequality for r, H(r) = 2mr+β
is negative for r < − β
2m
. Hene we have a single sided domain wall.
One an avoid this situation if one is prepared to allow m to be positive in one
region and negative in another. Then demanding H(r) < 0 ∀ r leads again to two
inequalities and with β hosen appropriately in these two regions as above we an solve
18
the Bogomol'nyi equations everywhere with
H(r) = −2|m|(r − r0) r > r0
H(r) = +2|m|(r − r0) r < r0 (94)
i.e. H(r) = 2m(r − r0) where m = ∓|m| for r > r0 and r < r0 respetively.
Examination of the Bogomol'nyi equations show that allowing m to hange sign in
dierent regions of the spaetime is equivalent to keeping m xed but working with the
Bogomol'nyi equations with the opposite sign hoie in dierent regions but whih still
imply the same eld equations. This proedure is justied by the fat that m appears in
the eld equations (64 - 69) and Lagrangian (70) quadratially so one an onsider only
|m| to be xed. However m does appear linearly in ovariant derivatives but these terms
vanish after trunating to the bosoni setor of salars and gravity.
The harmoni funtion (94) tends to −∞ as |r| → ∞. Hene the salars φ and ϕ
and the metri funtion A all vanish as |r| → ∞ making the geometry in this region
Mink9. At r = r0, H(r) vanishes and hene |φ| = ϕ = ∞ and A = −∞. Using the
expression for the superpotential W (ϕ, φ, χ) with c = −1, (74), we observe that the sign
of W is dierent on the two sides of the domain wall due to m hanging sign. |W | → 0
as |r| → ∞ and |W | → ∞ as |r| → r0.
One an obtain a domain wall for whih φ and ϕ remain nite at r = r0 by taking
H(r) to be
H(r) = −2|m|(r − r0 + λ) r > r0
H(r) = +2|m|(r − r0 − λ) r < r0 (95)
where λ > 0. We note that this is not the Randall-Sundrum senario as at r = r0 where
ϕ is a positive onstant, A(r) is negative due to ϕ′ = −4√7A′. Thus the gravitational
potential g00 inreases from r = r0 to |r| = ∞ where A = 0 and the geometry is
Minkowski. Therefore this domain wall does not apparently onne the zero mode of the
graviton to the brane nor is the geometry asymptotially Anti De-Sitter.
In summary, the supersymmetri domain wall is desribed by
dS29 = e
2A(r)dxµdxνηµν + dr
2 µ, ν = 0, . . . , 7 (96)
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G(φ) ≡ 7
8
{
1
(coshφ)
8
7
− 1
(sinhφ)
8
7
2F1(
4
7
,
4
7
,
11
7
,−cosech2φ)
}
= H(r), (97)
e−7A(r) = e
√
7
4
ϕ(r) = cosh
(
φ(r)
2
)
, (98)
whereH(r) is an harmoni funtion of r. This solution satises the Bogomol'nyi equations
for c = −1 and therefore presumably preserves one half of the supersymmetry.
Case iv) ϕ, φ, χ 6= 0
For this ase we have been unable to nd a solution of the full set of Bogomol'nyi
equations (75 - 78) with all three salars ative.
4.1 IIB Interpretation of 9D Vaua
As the 9D SO(2) gauged supergravity (58) was obtained by a generalised redution from
D=10 type IIB supergravity, the 9D Minkowski spaetime and 7-brane domain wall
solutions of the previous setion should be the generalised redutions of objets in D=10.
We now address this point. In setion 4 we took the onstant c appearing in the 9D
Bogomol'nyi equations to have the value −1 in the supersymmetri ase. We justify this
here by the following outlined method.
One begins with the D=10 Bogomol'nyi equations in the 7-brane bakground [23, 24℄
dS210 = dx
µdxνηµν + Ω
2(dr2 + dx22) µ, ν = 0, . . . , 7 (99)
where Ω = Ω(r, x2), whih are
4
∂¯τˆ = 0, ∂¯ ln Ω =
i
4τˆ2
(
τˆ − i
¯ˆτ − i
)
∂¯ ¯ˆτ (100)
where τˆ = χˆ + ie−φˆ is the D=10 omplex salar. One then performs a generalised
redution of these Bogomol'nyi equations making use of the formula (derivable from the
ansatz (6))
τˆ (r, z) =
1
2
(|τ(r)|2 − 1) sin(mz) + χ(r) cos(mz) + ie−φ(r)
(|τ(r)|2 − 1) sin2(mz
2
) + χ(r) sin(mz) + 1
(101)
4∂¯ ≡ 1
2
( ∂
∂r
+ i ∂
∂x2
) and τˆ = τˆ1 + iτˆ2. See [23℄ for further details of the notation.
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where z is the ompatiation oordinate of setion 2, related to x2 by dx2 = e
− 2√
7
ϕ(r)
dz.
Comparison of the above metri with (10) and (63) immediately gives this relation be-
tween z and x2 and the relation ϕ(r) = −4
√
7A(r). After a very lengthy alulation,
all z dependene anels and the real and imaginary parts of the (generalised) redued
∂¯τˆ = 0 equation give
χ′ = −mχe 2√7ϕe−φ, φ′ = −m
2
e
2√
7
ϕ
[eφ(χ2 + 1)− e−φ]. (102)
The imaginary part of the (generalised) redution of the seond equation of (100) is
identially satised whereas the real part beomes the equation
ϕ′ = m
√
7 e
2√
7
ϕ
[eφ(χ2 + 1) + e−φ − 2] (103)
thus onrming that c = −1 in the supersymmetri ase 5.
The domain wall of setion 4 is a solution of the Bogomol'nyi equations (75) - (78)
with χ = 0 and therefore, due to the onsisteny of the Kaluza-Klein redution, is
a solution of the D=10 Bogomol'nyi equations in the 7-brane bakground. Thus the
generalised redution of the type IIB D7-brane is the 9D supersymmetri domain wall of
setion 4. The 9D Minkowski vauum has an equally simple IIB interpretation. Setting
ϕ = χ = φ = A = 0 and τ = i in (101) implies τˆ(x, z) = i. Substituting into the D=10
Bogomol'nyi equations gives a D=10 solution provided Ω(r, x2) is onstant and hene
dS210 = Mink10. i.e. the IIB D9-brane. Thus the 9D Minkowski vauum is a wrapped
D9-brane.
It is interesting that the Mink10 solution of IIB supergravity survives the generalised
redution when one uses the global non-ompat Sl(2,R) symmetry as in this paper. This
is in ontrast to the generalised redution of IIB supergravity using a dierent symmetry
- the global non-ompat shift symmetry of the axion χˆ(x, z) 6. The generalised ansatz
for χˆ is χˆ(x, z) = χ(x) +mz. Thus the Mink10 solution, for whih χˆ = 0, is inonsistent
with the ansatz and hene the 9D generalised redued model has no Mink9 solution.
5
This equation diers from (75) by a fator of − 1
7
. We believe this disagreement originates in the
dierenes of notion and onventions used in this paper ompared to [23, 24℄ and is not a serious one.
6
This gives a 9-D massive supergravity whih is also the redution of the massive IIA model [25℄.
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5 Further Dimensional Redutions
The SO(2) gauged supergravity (58) has a Minkowski ground state. An interesting
question is whether, after ordinary dimensional redution to lower D, the resulting su-
pergravities also admit Minkowski vaua.
Upon performing standard Kaluza-Klein redution to D=8 (i.e. all elds are taken to
be independent of the ompatiation oordinate), it is lear that the potential simply
redues to
V(M) = m
2
8
e
4√
7
ϕ
tr
(
M2 − 12
)
e2α8σ8 (104)
where the metri ansätz is taken to be
dS29 = e
2α8σ8dS28 + e
2β8σ8(dz +A2). (105)
However, beause of the presene of a ovariant derivative in the kineti term forM(χ, φ)
there will be a ontribution to the potential from the term
1
4
e tr(DMDM−1). (106)
Of ourse it was this salar kineti term whih generated the potential originally in the
generalised redution to D=9. Now it is the presene of Az whih is responsible for the
new ontribution to the potential. Also if we redue to low enough dimension there will
be new ontributions to the potential from the terms
− 1
12
e e
− 1√
7
ϕ
(DB2)TM(DB2) and − m
2
16
e
3√
7
ϕBT2M−1B2. (107)
We now analyse the struture of these ontributions more losely.
Consider,
− 1
4
eˆ tr
(
DµˆMˆDµˆMˆ−1
)
(108)
whereDµˆMˆ andDµˆMˆ−1 are given in (59) but withM replaed by Mˆ7. For the redution
ansätze we use
Mˆ(χˆ(x, z), φˆ(x, z)) = M(χ(x), φ(x))
Aˆ1(x, z) = (A1 − λ8A2) + λ8(dz +A2) (109)
7
Hats now refer to D=9 elds.
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where A2 is a Kaluza-Klein vetor, z is the ompatiation oordinate and x ≡ xµ, µ =
0, . . . , 7. The salar kineti term thus redues as
eˆ tr
(
DµˆMˆDµˆMˆ−1
)
= e tr
(
DµMDµM−1
)
+ e tr
(
DzMDzM−1
)
. (110)
The seond term in this expression generates the ontribution to the potential
V ′8(M) =
m2
4
tr
[
(ηTM+Mη)(ηTM−1 +M−1ηT )
]
λ28e
2(α8−β8)σ8
(111)
whih is easily shown to be
V ′8(M) =
m2
2
tr
[
M2 − 12
]
λ28e
2(α8−β8)σ8 . (112)
Hene in D=8 the omplete salar potential is
V8(M) = m
2
8
tr
[
M2 − 12
][
e
4√
7
ϕ
+ λ28e
−2β8σ8
]
e2α8σ8 . (113)
Generalising to a dimensional redution to d dimensions, it is lear that the potential will
beome
Vd(M) = m
2
8
tr
[
M2 − 12
]{
S(σi)
}
(114)
where
S(σi) = e
−2β9σ9+2
∑9
i=d
αiσi + λ28e
−2β8σ8+2
∑8
i=d
αiσi + . . .+ λ2de
−2βdσd+2αdσd
(115)
and the σi's are Kaluza-Klein salars and the λi's are salars from the redutions of A1.
Clearly Vd(M) ≥ 0 and Vd(M) = 0 when M = 12 and all the Kaluza-Klein salars are
arbitrary onstants as in D=9. Thus the d-dimensional vauum is Minkowski spaetime.
As noted above however there may be ontributions to the potential from terms like
those of (107). The latter term will yield a ontribution to the D=7 potential of the form
∼ m2e e
∑
i
γiσi(BT0M−1B0) (116)
where B0 is a doublet of salars from B2. Clearly this modiation to Vd(M) vanishes if
B0 = 0. Hene the potential still has a D=7 Minkowski ground state. The rst term in
(107) will give a ontribution to the potential in D=6. Beause DB2 takes the following
form in D=9
DB2 = dB2 +
m
2
ηB2A1 (117)
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the term ∼ m in DB2 will, after reduing to D=6, yield a ontribution to the potential
like
∼ m2e e
∑
i
γ′
i
σi(λ1C0 + λ2B
′
0 + λ3B0)
TM−1(λ1C0 + λ2B′0 + λ3B0). (118)
Again this will vanish if the various new salars λi,C0,B
′
0,B0 oming from the various
redutions of A1 and B2 vanish.
It is lear that neither the supersymmetry nor the SO(2) gauging is broken in the
Kaluza-Klein redutions thus we obtain a lass of SO(2) gauged supergravities with
Minkowski ground states in all dimensions from D=9 to D=4
8
.
After redution to D=4 the kineti term for the four-form eld strength an be elim-
inated in favour of a salar potential with the form
V ∼ m2e eαΦ, (119)
where m is an integration onstant. If m 6= 0 then the model will admit a standard
domain wall solution [27℄. This redution plus dualisation is equivalent to rst dualising
the four-form in D=5 then performing a Sherk-Shwarz redution using a global axioni
shift symmetry [28℄. Clearly one an dimensionally redue to D=4 and hoose not to
dualise the four-form. The resulting model will have a Mink4 vauum.
6 Conlusions
In this paper we have performed a generalised Sl(2,R) redution of type IIB supergravity
and obtained the bosoni setor of maximal SO(2) gauged supergravity in nine dimen-
sions. As dimensional redution preserves all supersymmetries this D=9 model must
admit a supersymmetri extension.
It is well known that by onsidering the `near horizon geometries' of supergravity brane
(or interseting brane) solutions in D=10 and 11, one an infer new redutions leading
to gauged supergravities in lower dimensions and also nd new solutions [15, 29, 30, 31℄.
A lassi example is the `near horizon geometry' of the D3 brane. This is AdS5 × S5
whih implies an SO(6) gauged supergravity in D=5 with an AdS5 ground state. One
8
Sherk-Shwarz redutions [26℄, have been shown previously to lead to gauged, massive supergravities
with potentials possessing at diretions.
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may ask whether there is a brane solution of the IIB theory whih implies D=9 SO(2)
gauged supergravity with a D=9 Minkowski ground state. The natural plae to look is
the D7-brane. One form of this solution was given in [25℄ and takes the following form
in the string frame
9
ds2 = H−
1
2 (r)dxµdx
µ +H
1
2 (r)[dz2 + dr2]
e−φˆ = H(r)
χˆ = ±H ′(r)z . (120)
where the transverse oordinate z is periodially identied. φˆ and χˆ are the IIB dilaton
and axion respetively and H(r) is an harmoni funtion of r only.
It is lear that in the limit of r tending to zero the metri beomes Mink9 × S1, the
dilaton is onstant and the eld strength of the axion is proportional to the volume form
on the S1 fator. This is onsistent with an SO(2) gauged supergravity in D=9 with a
Minkowski ground state.
As explained in the introdution, three interseting M5-branes have a near horizon
geometry of AdS3×E6×S2 implying an S2 redution of D=11 supergravity is possible.
Presumably one obtains the D=9 SO(2) gauged model whose bosoni setor we have
presented here. It would be interesting to onrm this and obtain the fermioni lagrangian
and supersymmetry transformation laws. This would then allow one to give an M-theory
interpretation to the 9D Minkowski and domain wall vaua of setion 4.
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